Cesàro Summability of Multi-dimensional Trigonometric-Fourier Series  by Weisz, Ferenc
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 204, 419]431 1996
ARTICLE NO. 0445
Cesaro Summability of Multi-dimensionalÁ
Trigonometric-Fourier Series
Ferenc WeiszU
Department of Numerical Analysis, Eot¨ os L. Uni¨ ersity, Muzeum krt-6-8, H-1088,È È Â
Budapest, Hungary
Submitted by Joseph D. Ward
Received October 2, 1995
 d.The d-dimensional classical Hardy spaces H T are introduced and it is shownp
that the maximal operator of the Cesaro means of a distribution is bounded fromÁ
 d.  d.  .  . .  .H T to L T 2 d q 1 r 2 d q 2 - p F ` and is of weak type 1, 1 providedp p
that the supremum in the maximal operator is taken over a positive cone. As a
consequence we obtain the summability result due to Marcinkievicz and Zygmund,
 d.more exactly, the Cesaro means of a function f g L T converge a.e. to theÁ 1
function in question, provided again that the limit is taken over a positive cone.
 .Similar results for the C, b summability are also formulated. Q 1996 Academic
Press, Inc.
1. INTRODUCTION
For multi-dimensional trigonometric-Fourier series Marcinkievicz and
w x  d.Zygmund 14 proved that the Cesaro means s f of a function f g L TÁ n 1
 .converge a.e. to f as min n , . . . , n ª ` provided that n is in a positive1 d
cone, i.e., provided that 2yd F n rn F 2d for every i, j s 1, . . . , d wherei j
  . d.d G 0 n s n , . . . , n g N .1 d
The analogous result for d-dimensional Walsh]Fourier series has been
w x w xshown by the author 24 . Moreover, we proved in 24 that the maximal
operator of the d-parameter Cesaro means of a dyadic martingale isÁ
w .dbounded from the martingale Hardy]Lorentz space H 0, 1 top, q
w .d  .L 0, 1 if 1r2 - p F `, 0 - q F ` and is of weak type 1, 1 providedp, q
that the supremum in the maximal operator is taken over a positive cone.
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w xThese results are described in Weisz 23 for one-dimensional trigono-
metric-Fourier series, more exactly, the maximal operator of the CesaroÁ
 .  .means of a distribution is bounded from H T to L T if 3r4 - p F `,p, q p, q
 .0 - q F `, and is of weak type 1, 1 .
In this paper we generalize these results for d-dimensional trigonomet-
 d.ric-Fourier series. The Hardy]Lorentz spaces H T of distributions arep, q
 d.introduced with the L T Lorentz norms of the non-tangential maxi-p, q
 d.  d.mal function. Of course, H T s H T are the usual Hardy spacesp p, p
 .0 - p F ` . We will show that if the supremum is taken over a positive
cone, then the maximal operator of the d-parameter Cesaro means of aÁ
 d.  d.  .  .distribution is bounded from H T to L T 2 d q 1 r 2 d q 2 -p, q p, q
.  .p F `, 0 - q F ` and is of weak type 1, 1 , i.e.,
d5 5sup gl sup s f ) g F C f f g L T . . .1n 1 /yd dg)0 2 Fn rn F2i j
i , js1, . . . , d
A usual density argument implies then the result of Marcinkievicz and
 .Zygmund. Similar results are formulated for the C, b summability.
2. PRELIMINARIES AND NOTATIONS
For a set X / B let X d be its Cartesian product taken with itself d
 . w .times d g N , moreover, let T [ yp , p and l be the d-dimensional
< <Lebesgue measure. We also use the notation I for the Lebesgue measure
 d .of the set I. We briefly write L instead of the real L T , l space whilep p
 . 5 5  < < p .1r pdthe norm or quasinorm of this space is defined by f [ H f dlp T
 .0 - p F ` . For simplicity, we assume that for a function f g L we have1
H d f dl s 0.T
The distribution function of a Lebesgue-measurable function f is de-
fined by
l f ) g [ l x : f x ) g g G 0 . 4  4 .  . .  .
U  .The weak L space L 0 - p - ` consists of all measurable functions fp p
for which
1rp
U5 5f [ sup gl f ) g - ` 4 .L p
g)0
while we set LU s L .` `
CESARO SUMMABILITYÁ 421
The spaces LU are special cases of the more general Lorentz spacesp
L . In their definition another concept is used. For a measurablep, q
function f the non-increasing rearrangement is defined by
Äf t [ inf g : l f ) g F t . 4 4 .  .
The Lorentz space L is defined as follows: for 0 - p - `, 0 - q - `p, q
1rq
` dtq qr pÄ5 5f [ f t t .p , q H /t0
while for 0 - p F `
1r p Ä5 5f [ sup t f t . .p , `
t)0
Let
d 5 5L [ L T , l [ f : f - ` . 4 . p , qp , q p , q
One can show the equalities
L s L , L s LU z 0 - p F ` .p , p p p , ` p
 w x w x.see, e.g., Bennett and Sharpley 1 or Bergh and Lofstrom 2 .È È
 d.We introduce the H T Hardy space in a similar way as Feffermanp
w x  d.  .and Stein 10 did the H R space. Let us fix d G 2. For n s n , . . . , np 1 d
d  . d d < <g Z and x s x , . . . , x g T set n ? x [  n x and n [1 d ks1 k k
 d < < 2 .1r2 ` d.  X d. X. n . Let f be a distribution on C T briefly f g D T s D .ks1 k
yi n? xÃ ’ .  .The nth Fourier coefficient is defined by f n [ f e where i s y 1
and n g Z d. In the special case, if f is an integrable function then
1
yi n? xÃf n s f x e dx. .  .Hd dT2p .
Denote by s f the nth partial sum of the Fourier series of a distribution f ,n
namely,
nd i
ik? x dÃs f x [ f k e n g N . .  .  . n
is1 k syni i
For f g DX and t ) 0 let
u x , t [ f ) P x , .  .  .t
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where ) denotes the convolution and
P x [ eyt < k < eik? x x g T d .  .t
dkgZ
 .is the Poisson kernel. It is easy to show that u x, t is a harmonic function
and
Ã yt < k < i k? xu x , t s f k e e t ) 0 .  .  .
dkgZ
 w xwith absolute and uniform convergence see, e.g., Stein and Weiss 21 and
w x.Edwards 8 .
For a ) 0 let
G [ x , t : x - a t , 4 .a
X  .  d.a cone whose vertex is the origin. We denote by G x x g T thea
translate of G so that its vertex is x. Seta
G x s GX x q k 2p l T d . .  . .Da a i i
dkgZ
The non-tangential maximal function is defined by
XUu x [ sup u x , t a ) 0 . .  .  .a
X .  .x , t gG xa
 d.For 0 - p, q F ` the Hardy]Lorentz space H T s H consists ofp, q p, q
all distributions f for which uU g L and seta p, q
5 5 5 U 5f [ uH p , q1p , q
 w x w xcf. Stein and Weiss 21, p. 283 , Fefferman and Stein 10 , and Sledd and
w x.Stegenga 19 . Another introduction of the H spaces can be found inp, q
w x w xWeisz 26 . For 0 - p - `, 0 - q F ` Fefferman and Stein 10 proved the
equivalence
5 U 5 5 U 5 5 q5u ; u ; u a ) 0 , .p , q p , q p , qa 1
where
qu x [ sup u x , t . .  .
t)0
Note that in case p s q the usual definition of Hardy spaces H s Hp, p p
are obtained. For other equivalent definitions we call also for Fefferman
w x  .  .and Stein 10 . It is known that if f g H 0 - p - ` then f x sp
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 .  w x.lim u x, t in the sense of distributions see Fefferman and Stein 10 .t ª 0
Recall that L ; H , more exactly,1 1, `
5 5 U 5 5f s sup gl u ) g F f f g L . 1 .  .  .H 11 11, `
g)0
Moreover, H ; L for 1 - p - `, 0 - q F ` see Fefferman andp, q p, q
w x w x w x.Stein 10 , Stein 20 , and Fefferman, Riviere, and Sagher 9 .
w .A generalized inter¨ al on T is either an interval I ; T or I s yp , x j
w . dy, p . A generalized cube on T is the Cartesian product I = ??? = I of1 d
< < < <d generalized intervals with I s ??? s I . A bounded measurable func-1 d
tion a is a p-atom if there exists a generalized cube R such that
 .  . a  . di H a x x dx s 0 for all multi-indices a s a , . . . , a g NR 1 d
< < w  .x  .with a F d 1rp y 1 , the integer part of d 1rp y 1 ,
 . 5 5 < <y1r pii a F R ,`
 .  4iii a / 0 ; R.
The basic result of the atomic decomposition is stated as follows see
w x w x w x.Latter 13 , Wilson 27 , and also Weisz 25 .
 .THEOREM A. A distribution f is in H 0 - p F 1 if and only if therep
 .  .exist a sequence a , k g N of p-atoms and a sequence m , k g N of realk k
numbers such that
`
m a s f in the sense of distributions, k k
ks0
2 .
`
p
m - `. k
ks0
Moreo¨er, the following equi¨ alence of norms holds,
1rp`
p5 5f ; inf m , 3 .H kp  /
ks0
 .where the infimum is taken o¨er all decompositions of f of the form 2 .
If I is a generalized interval then let 4I be the generalized interval with
< <the same center as I and with length 4 I . For a generalized cube
R s I = ??? = I let 4R s 4I = ??? = 4I .1 d 1 d
 .Using Theorem A, 1 , and the interpolation results given in Fefferman,
w xRiviere, and Sagher 9 we can prove the following theorem in the same
w xway as Corollary 1 of Weisz 24 .
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THEOREM 1. Suppose that the operator T is sublinear and, for e¨ery
p - p F 1,0
p
Ta dl F C , 4 .H p
2T _4 R
where a is an arbitrary p-atom, R is its support, and C is a constantp
depending only on p. If T is bounded from L to L then` `
5 5 5 5Tf F C f f g H .p , q Hp , q p , qp , q
 .for e¨ery p - p - ` and 0 - q F `. Specially, T is of weak type 1, 1 , i.e.,0
if f g L then1
5 5 5 5 5 5Tf s sup gl Tf ) g F C f F C f . .1, ` H 11 11, `
g)0
Á3. CESARO SUMMABILITY OF d-DIMENSIONAL
TRIGONOMETRIC-FOURIER SERIES
 . dFor n s n , . . . , n g N and a distribution f the Cesaro mean ofÁ1 d
order n of the Fourier series of f is given by
nd d i1
s f [ s f s f ) K = ??? = K , .  n k n n1 dn q 1is1 i is1 k s0i
w xwhere K is the Fejer kernel of order j g N. It is shown in Zygmund 29Âj
that
p 2
0 F K t F 0 - t - p 5 .  . .j 2j q 1 t .
and
K t dt s p j g N . 6 .  .  .H j
T
For a distribution f we consider the maximal operator of the CesaroÁ
means
Us f [ sup s f d G 0 .n
yd d2 Fn rn F2i j
i , js1, . . . , d
and prove our following main result.
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THEOREM 2. There are absolute constants C and C such thatp, q
5 U 5 5 5s f F C f f g H 7 . .p , q Hp , q p , qp , q
 .  .for e¨ery 2 d q 1 r 2 d q 2 - p - ` and 0 - q F `. Especially, if f g L1
then
C
U 5 5l s f ) g F f g ) 0 . 8 .  .  .1
g
w xThis theorem is verified in Weisz 23 for d s 1. Since the two-dimen-
 .sional trigonometric polynomials are dense in L , 8 and the usual density1
w x argument imply the result due to Marcinkievicz and Zygmund 14 see
w x.also Zygmund 29 :
COROLLARY 1. If f g L then1
s f ª f a.e.n
 . yd d  .as min n , . . . , n ª ` and 2 F n rn F 2 i, j s 1, . . . , d; d G 0 .1 d i j
The analogous result to Theorem 2 and Corollary 1 for two-dimensional
w xWalsh]Fourier series can be found in Weisz 24 .
Proof of Theorem 2. For simplicity we prove the result for d s 2, only.
For d ) 2 the verification is very similar. By Theorem 1 the proof of
U  .Theorem 2 will be complete if we show that the operator s satisfies 4
for each 5r6 - p F 1 and is bounded from L to L .` `
 .  .The boundedness follows from 6 . To verify 4 for 5r6 - p F 1 let a
yKy1 < <be an arbitrary p-atom with support R s I = J and 2 - I rp s
< < yK  .J rp F 2 K g N . We can suppose that the center of R is zero. In this
case
w yKy2 yKy2 x w yKy1 yKy1 xyp 2 , p 2 ; I , J ; yp 2 , p 2 .
w K a x  .Let r [ 2 ri i g N with a ) 0 chosen later. Furthermore, choosei
r g N such that r y 1 - d F r. Now we denote the elements of N2 by
 . yrn, m . It is easy to see that if n G r or m G r then we have n, m G r 2 .i i i
 .Indeed, since n, m is in a cone, n G r impliesi
m G 2yd n G r 2yr .i
 . U < U < pTo prove 4 for the operator s we have to integrate s a over
T 2 _4R. We do this in three steps.
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 .Step 1. Integrating o¨er T_4I = 4 J. Obviously,
pUs a x , y dx dy .H H
T_4 I 4 J
2 Ky1 yK p .p iq1 2 UF s a x , y dx dy . H H
yKp i2 4 J< <i s1
2 Ky1 yK p .p iq1 2F sup s a x , y dx dy . H H n , myK yrp i2 4 J n , mGr 2< <i s1 i
2 Ky1 yK p .p iq1 2q sup s a x , y dx dy . H H n , myKp i2 4 J n , m-r< <i s1 i
s A q B . 9 .  .  .
 .  .It follows from 5 , 6 , and from the definition of the atom that
s a x , y s a t , u K x y t K y y u dt du .  .  .  .HHn , m n m
T T
F C 22 K r p K x y t dt .Hp n
I
1
2 K r pF C 2 dt.Hp 2
I n q 1 x y t .  .
By a simple calculation we get
1 C2yK C2 KyKy1p 2 dt F F 10 .H 2 2 2yKy1 yK yKy1 iyp 2 x y t < < . p i 2 y p 2 .
w yK  . yK .  < < .if x g p i2 , p i q 1 2 i G 1 . Hence
1p 2 KqK ps a x , y F C 2 , . pn , m p 2 pn q 1 i .
where the symbol C may denote different constants in different contexts.p
Using the value of r we can concludei
2 Ky1 2 Ky11 1
y2 K 2 KqK pA F C 2 2 F C . .  pp p 2 pya pyr 2 p ir 2 q 1 i .is1 is1i
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This series is convergent if
2 p y 1
a - F 1 . 11 .  .
p
 .Now let us consider B . It is well known that
n m < < < <k l
ik xqi l ys a x , y s 1 y 1 y a k , l e . .  .Ã n , m  /  /n q 1 m q 1< < < <k s0 l s0
By the definition of the atom,
1
yi k xql y .a k , l s a x , y e y 1 dx dy .  .  .Ã HH2
I J2p .
< < < < < < 3y2r p1 k q l I .
F a x , y kx q ly dx dy F . .HH2 28pI J2p .
12 .
Hence
n m < < < <k l 3y2rp
s a x , y F C 1 y 1 y k q l I .  . n , m  /  /n q 1 m q 1< < < <k s0 l s0
n m n m
3y2rp 3y2rpF 2C k I q 2C l I . 13 .   
ks0 ls0 ks0 ls0
If n - r theni
r ri i
yK 3y2r p. 3 yK 3y2r p.sup s a x , y F C k2 F Cr 2 . 14 .  . n , m i
n , m-r ks0 ls0i
Therefore
3 pK KK2 y1 2 y12 1
y2 K yK 3y2r p. pB F C 2 2 s C . .  p pa 3a p /i iis1 is1
The last series converges if
1
a ) . 15 .
3 p
 .  .The number a satisfies 11 and 15 if and only if 2r3 - p F 1.
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Hence we can establish that, for 2r3 - p F 1,
pUs a x , y dx dy F C . 16 .  .H H p
T_4 I 4 J
Note that C depends only on p and on r.p
 .  .  .Step 2. Integrating o¨er T_4I = T_4 J . Similarly to 9 ,
pUs a x , y dx dy .H H
T_4 I T_4 J
2 Ky1 2 Ky1 yK yK p .  .p iq1 2 p jq1 2F sup s a x , y dx dy .  H H n , myK yK yrp i2 p j2 n , mGr 2< < < <i s1 j s1 i , j
2 Ky1 2 Ky1 yK yK p .  .p iq1 2 p jq1 2q sup s a x , y dx dy .  H H n , myK yKp i2 p j2 n , m-r< < < <i s1 j s1 i , j
s C q D , .  .
w K  .ar2 x  .where r [ 2 r ij i, j g N with a ) 0 chosen later.i, j
 .  .  .By 5 , 6 , and 10 ,
s a x , y s a t , u K x y t K y y u dt du .  .  .  .HHn , m n m
T T
1 1
2 K r pF C 2 dt duH Hp 2 2
I Jn q 1 x y t m q 1 y y u .  .  .  .
22 K r pq2 K
F Cp 2 2n q 1 m q 1 i j .  .
w yK  . yK . w yK  . yK .  < <whenever x g p i2 , p i q 1 2 and y g p j2 , p j q 1 2 i ,
< < .j G 1 .
Therefore
2 Ky1 2 Ky1 2 Kq2 K p2
y2 KC F C 2 .  p 2 pyr 2 p 2 pr 2 q 1 i jis1 js1  .i j
2 Ky1 2 Ky1 1
F C  p 2 pya p 2 pya pi jis1 js1
 .which is a convergent series if 11 holds.
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 .  .  .To estimate D use 12 and 13 and observe that, by changing r to ri i, j
 .in 14 , we have
3 pK K K2 y1 2 y1 2
y2 K yK 3y2r p. pD F C 2 2 .  p ar2 /ij .is1 js1
2 Ky1 2 Ky1 1
s C . p 3a pr2ij .is1 js1
 .The last series converges if a ) 2r3 p. Taking into account 11 we obtain
that 5r6 - p F 1. In this case
pUs a x , y dx dy F C . 17 .  .H H p
T_4 I T_4 J
 .Step 3. Integrating o¨er 4I = T_4 J . This case is analogous to Step
1.
 .  .  .Combining 16 and 17 we can see that 4 and the theorem is proved.
 .  .It is unknown whether Theorem 2 holds for p F 2 d q 1 r 2 d q 2 .
 .4. C, b SUMMABILITY OF d-DIMENSIONAL
TRIGONOMETRIC-FOURIER SERIES
 . d  .Let b s b , . . . , b g R with 0 - b F 1 i s 1, . . . , d and let1 d i
d q 1 d q 2 . . . d q j .  .  .j q d
d dA [ s s O j .j  /j j!
j g N, 0 - d F 1 .
 w x.  .see Zygmund 29 . The C, b means of a distribution f are defined by
nd d i1
b b y1 b bi 1 ds f [ A s f s f ) K = ??? = K ,    .n n yk k n nb i i 1 diAis1 n is1 k s0i i
where the K d kernel satisfies the conditionsj
CddK t F 0 - t - p .  .j d dq1j t
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and
dK t dt s C j g N, 0 - d F 1 .  .H j d
T
 w x.  .see Zygmund 29 . In case b s 1 i s 1, . . . , d we get the Cesaro means.Ái
If we define
Ub bs f [ sup s f d G 0 .n
yd d2 Fn rn F2i j
i , js1, . . . , d
then the following results can be proved with the same method as Theo-
rem 2 and Corollary 1.
 .THEOREM 3. Suppose that 0 - b F 1 i s 1, . . . , d and thati
d d b q d q 1js1 j
b - db , p ) - 1 . j i d q 1 b q 1 .  .ijs1
j/i
for all i s 1, . . . , d. Then there are absolute constants C and C such thatp, q
5 bU 5 5 5s f F C f f g H .p , q Hp , q p , qp , q
for e¨ery 0 - q F `. Especially, if f g L then1
C
Ub 5 5l s f ) g F f g ) 0 . . . 1
g
COROLLARY 2. Suppose that b satisfies the conditions of Theorem 3. If
f g L then1
s b f ª f a.e.n
 . yd d  .as min n , . . . , n ª ` and 2 F n rn F 2 i, j s 1, . . . , d; d G 0 .1 d i j
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